We study N = 1 supersymmetric gauge theories coupled with higher derivative chiral models in four dimensions in the off-shell superfield formalism. We solve the equation of motion for the auxiliary fields and find two distinct on-shell structures of the Lagrangian that we call the canonical and non-canonical branches characterized by zero and nonzero auxiliary fields, respectively. We classify BPS states of the models in Minkowski 
Introduction
Low-energy effective theories play an important role in the study of non-perturbative effects of quantum field theory, such as the chiral Lagrangian of QCD [1] . In certain supersymmetric gauge theories, low-energy effective theories are determined exactly offering full quantum spectra of Bogomol'nyi-Prasado-Sommerfield (BPS) states [2] . BPS states preserve a part of supersymmetry, belonging to so-called short multiplets of supersymmetry algebra, and consequently they are stable against quantum corrections perturbatively and non-perturbatively [3] .
The low-energy effective field theories are constructed by a derivative expansion and are usually complemented by higher derivative corrections, as in the chiral perturbation theory [1] .
Recently, in our previous paper, BPS states in the supersymmetric chiral models with higher derivative terms have been classified in N = 1 supersymmetric theories in four dimensions [4] .
The purpose of this paper is to classify BPS states in N = 1 supersymmetric gauge theories coupled with higher derivative chiral models in four-dimensional Minkowski and Euclidean spaces.
Higher derivative corrections to supersymmetric field theories have a long history because of the auxiliary field problem. The auxiliary fields F in the off-shell superfield formalism of higher derivative models are generically act by space-time derivatives and consequently cannot be eliminated algebraically to obtain on-shell actions. Supersymmetric higher derivative terms free from the auxiliary field problem have been studied individually in various contexts; the Wess-Zumino-Witten term [5, 6, 7, 8] , low-energy effective action [9, 10, 11, 12] , CP 1 (FaddeevSkyrme) model [13, 14] , Dirac-Born-Infeld action [15, 16] , k-field theory [17, 18] , low-energy effective action on BPS solitons [19] , BPS baby Skyrme model [20, 21, 4, 22] , and nonlinear realizations of Nambu-Goldstone fields [23] . In the framework of supergravity, higher derivative terms [24, 25, 26, 27, 28] have been applied to ghost condensations [24, 25] and the galileon inflation models [26] . Among those, the four derivative term first found in Ref. [9] , that can be constructed from a (2, 2) Kähler tensor, was rediscovered in Refs. [24, 25] and has recently been used in various contexts. By using a Kähler tensor containing space-time derivatives, one can construct higher derivative terms with arbitrary number of space-time derivatives [23] .
In our previous paper [4] , the auxiliary field equations were found to admit at least two distinct solutions that we called canonical and non-canonical branches with F = 0 and F = 0, respectively. In particular, BPS baby Skyrmions (compactons) [20, 21] have been found to be 1/4 BPS states in the non-canonical branch, while BPS lumps are 1/2 BPS states in the canonical branch [19] , although both of them saturate the same Bogomol'nyi bound. In the former, the on-shell Lagrangian contains no usual kinetic term and consists of only a four derivative term, while in the latter, higher derivative corrections disappear in solutions and energy. BPS baby Skyrmions as compactons are currently paid much attention [29, 30] .
In this paper, we classify BPS states in N = 1 supersymmetric gauge theories coupled with higher derivative chiral models in four-dimensional Minkowski and Euclidean spaces. Here, we concentrate on the cases where superpotentials are absent for simplicity. As in the previous cases without gauge fields, we find canonical and non-canonical branches corresponding to solutions F = 0 and F = 0 of auxiliary field equations, respectively. 
Higher Derivative Chiral Models without Gauge Coupling
We first start from the non-gauged N = 1 supersymmetric higher derivative model with chiral superfields Φ i . We employ the Wess-Bagger convention [43] in this paper and detailed conventions and notations are summarized in Appendix A. The component expansion of the chiral superfield in the chiral base
Here ϕ i is the complex scalar field, ψ i is the Weyl fermion, F i is the auxiliary complex scalar field. The Lagrangian of the non-gauged higher derivative chiral model is given by
where K is the Kähler potential, Λ ikjl is a symmetric (2, 2) Kähler tensor and W is the superpotential. The fourth derivative part in the Lagrangian is evaluated as
Here I f stands for terms that contain fermions. Since the purely bosonic part in Eq. (2.3)
saturates the Grassmann coordinate, only the lowest components in Λ ikjl contribute to the bosonic part of the Lagrangian. Then, the bosonic part of the Lagrangian is 
As we have advertised, the equation (2.5) is an algebraic equation and it can be solved in principle. There are distinct on-shell branches associated with different solutions to the equation (2.5). In general, there are two classes of solutions. The first class has smooth limit Λ ikjl → 0 to the ordinary (i.e. without higher derivative terms) theory. For this class of solutions, higher derivative terms are introduced as perturbations to the ordinary (with second space-time derivatives) theory in the on-shell Lagrangian. We call this case the canonical (perturbative) branch. On the other hand, the second class of solutions does not have a smooth limit Λ ikjl → 0 to the ordinary theory. For this class of solutions, the higher derivative terms enter into the on-shell Lagrangian non-perturbatively. We call this case the non-canonical (non-perturbative) 1 There are space-time derivatives of the auxiliary fields F i in the fermion term I f . Solutions to F i that include fermions are obtained order by order of the fermions. Since we are interested in the classical configurations of fields, these fermionic contributions are irrelevant in this paper.
branch. In Ref. [4] , we studied on-shell structures of the Lagrangian (2.4) for the single chiral superfield model. When W = 0, the equation of motion for the auxiliary field becomes that of the cubic power of F , and the solutions can be obtained by the Cardano's method [16] . The explicit solutions are quite non-linear in K, Λ, W and ∂ m ϕ. Therefore, the on-shell Lagrangian becomes highly complicated function of the scalar field ϕ. In the following, we consider models with W = 0 and show the explicit on-shell Lagrangians in the canonical and non-canonical branches.
Canonical branch It is apparent that F i = 0 is always a solution to the equation (2.5). In this case, the bosonic part of the on-shell Lagrangian is
The tensor Λ ikjl determines higher derivative terms in the Lagrangian. Since Λ ikjl is an arbitrary function of ϕ,φ, one can construct arbitrary higher derivative terms for n = 1 models. For example, the scalar part of the N = 1 supersymmetric Dirac-Born-Infeld action [15] is obtained by the single chiral superfield model with flat Kähler potential and
The supersymmetric Faddeev-Skyrme model is obtained by the CP 1 Fubuni-Study metric
This does not contain an additional term other than Fadeev-Skyrme term, in contrast to
Refs. [13, 14] that contain an additional term. The other examples include a supersymmetric completion of the galileon inflation model [24] , the ghost condensation [25] and the effective action of the supersymmetric Wess-Zumino model and QCD [10, 6] .
Non-canonical branch Although it is not easy to find explicit solutions F i = 0 for n > 1 case, one finds the solution for a single chiral superfield model [4] :
where η is a phase factor and
. Then the bosonic part of the on-shell Lagrangian in the non-canonical branch is
In this case, the ordinary canonical (second space-time derivative) kinetic term cancels out and the on-shell Lagrangian contains higher derivative terms only. An example is the BPS baby Skyrme model [21] , where Λ is given by
The Kähler metric is the Fubini-Study metric of CP 1 .
A few comments are in order for the non-canonical branch. First, since FF ≥ 0, the fields satisfy the constraint
Second, the last term in Eq. (2.10) is considered as the scalar potential when Λ does not contain space-time derivative term. One can introduce arbitrary scalar potential without the superpotential W or the D-term potential in the non-canonical branch. This is an alternative way to introduce the scalar potential in supersymmetric models [27] .
Gauged higher-derivative chiral models
In this subsection we study couplings of the gauge field to the higher derivative chiral models.
We consider the higher derivative model of the type (2.2) where some global symmetries are assumed. Let us consider the chiral superfields Φ ia (a = 1, · · · , dimG) belonging to the fundamental representation of global symmetry group G with an additional flavor index i. 2 Then the fourth derivative term which preserves the global symmetry G is 
Here, A m is the gauge field, λ α ,λα are the gauginos, D is the auxiliary real scalar field. All the fields belong to the adjoint representation of G. The coupling of the gauge field to the higher derivative terms are introduced by gauge covariantizing the supercovariant derivatives in Eq. (2.13). The gauge covariantized supercovariant derivative is defined by
Here Γ α is the gauge connection defined by
where g is the gauge coupling constant. The gauge transformations of the superfields are
where Θ = Θâ(x, θ,θ)Tâ is a gauge parameter chiral superfield. Then the quantities D α Φ i ,DαΦ †ī are transformed covariantly under the gauge transformation:
We note that the Kähler tensor Λ ikjl,ab cd becomes a function of Φ, Φ † and V in general.
Now we look for the concrete realizations of the gauge invariant generalization of the higher derivative term (2.13). We find a manifestly gauge invariant generalization of (2.13) is given by 19) where the Kähler tensor is
and Λ ikjl is a gauge invariant (2, 2) Kähler tensor which is a function of Φ, Φ † , V .
The component expansion of the fourth derivative term (2.19) is
where I ′ f is terms that contain fermions. Again, there are no auxiliary fields with space-time derivatives in the purely bosonic terms. Since the bosonic terms inDαΦ
saturate the Grassmann coordinate, the factor e 2gV does not contribute to the purely bosonic sector of the Lagrangian. However, the factor e 2gV is necessary for the gauge invariance of the higher derivative terms and this indeed contributes to the fermionic part I ′ f in Eq. (2.21). We also note that the lowest components in Λ ikjl come from the chiral superfields only. This is because the lowest component in the vector superfield V contains the Grassmann coordinate θ in the Wess-Zumino gauge (2.14). In Ref. [21] , a three-dimensional analogue of the gauge invariant higher derivative model for a U(1) gauge group was discussed.
Introducing the ordinary kinetic terms for Φ ia and the gauge field, the total Lagrangian we consider is
Here we have introduced the Fayet-Iliopoulos (FI) parameter κ for the purpose of later discussions. The field strength of the vector superfield V is defined by
Throughout this paper, we consider the gauge invariant Kähler potential of the form
) and general gauge group G if not mentioned. Then, the bosonic component of the Lagrangian (2.22) is
where we have assigned the U(1) generator to T 0 . The gauge field strength is
The equation of motion for the auxiliary field D is
The equation of motion forFj a is
As in the case of the non-gauged chiral superfield models, there are two on-shell branches associated with solutions to the equation (2.27).
Canonical branch We first consider the canonical branch. One finds that F ia = 0 is always a solution. Then, the on-shell Lagrangian in the canonical branch is
The vacuum of the model is determined by the D-term condition
We stress that Λ ikjl does not contain the space-time derivatives on Φ (Φ † ), unlike the nongauged cases for which the space-time derivative can act on Φ (Φ † ) in Λ ikjl . This is because the gauge covariant derivative of a chiral superfield D m Φ ia does not provide supersymmetric couplings of the gauge field. From now on, we therefore consider the tensor Λ ikjl which never contains the space-time derivatives of the superfields.
Non-canonical branch It is not so easy to find F ia = 0 solution even for the single chiral superfield model. However, we find that a F a = 0 solution can be explicitly written down for single chiral superfield models with a U(1) gauge group as
where η is a phase factor. The solution in Eq. (2.30) is just the gauge covariantized counterpart of that in Eq. (2.9). The fields satisfy the gauge covariantized constraint (2.12).
Then the bosonic part of the on-shell Lagrangian in the non-canonical branch is 
BPS states in Minkowski space
In this section, we investigate BPS configurations of the model (2. 
2)
The on-shell supersymmetry transformations are obtained by substituting the solutions of the auxiliary fields equations into F and D. Therefore they have distinct structures in the canonical and non-canonical branches.
In Ref.
[4], we studied BPS equations in the non-gauged higher derivative models given in 
Canonical branch
We start from the flat Kähler potential K = Φ †ī e 2gV Φ i and look for the vortex configurations.
The static ansatz for the vortex is given by
where the other components of F mn all vanish. In the canonical branch, we have the solution F ia = 0. Then, the on-shell supersymmetry variation of the fermions are
where
The vortex configuration is obtained by imposing the following projection condition on the supersymmetry parameter:
This is equivalent to the conditionξ˙2 = ξ 1 = 0 so that the projection (3.6) leaves a half of N = 1 supersymmetry. Therefore, we obtain the following BPS equations:
Here we have defined z ≡ 1 2
This is just the ordinary 1/2 BPS Abelian (ANO) or non-Abelian vortex equation [32] . Now we calculate the Lagrangian bound 4 associated with the BPS equations (3.7). Using the first condition in Eq. (3.7), we find the higher derivative terms vanish:
Then, by using the first and the second equations in (3.7), we obtain the Lagrangian bound
Here F 0 12 is the U(1) flux density in the (x 1 , x 2 )-plane. Integrating it in the (x 1 , x 2 )-plane, we obtain the ordinary vortex topological charge. Therefore, in the canonical branch, all the higher 4 When the Lagrangian (2.28) contains higher order time derivatives of fields, the positive energy Hamiltonian is not defined in general [38] . Therefore, we calculate the Lagrangian bound, rather than the energy bound, for the BPS configurations.
derivative corrections to the 1/2 BPS vortex are canceled both in the equations (3.7) and the Lagrangian bound (3.9). This is a conceivable result since the BPS nature is determined by the supersymmetry algebra. The model (2.28) includes higher derivative terms but supersymmetry is manifestly realized. Then we expect that the BPS structure is protected against higher derivative corrections. A typical example is the world-volume theory of D-branes where BPS states in super Yang-Mills theory linearize the non-Abelian DBI action cancelling the higher derivative corrections [36] . While the higher derivative corrections exist in the non-Abelian vortex effective theory, the higher derivative effects are canceled in the BPS equation and energy of CP N −1 lumps inside a non-Abelian vortex [19] . We also comment that this is the same conclusion discussed in the domain wall and lump in the non-gauged chiral models [4] .
We next consider the general gauge invariant Kähler potential of the form
). The BPS equations for the 1/2 BPS projection condition
By using the first condition in (3.10), we find that the higher derivative terms vanish. Then, the Lagrangian bound associated with the BPS condition (3.10) is
where we have defined the following quantity
The first term in Eq. (3.11) is the gauge covariant generalization of the lump charge density.
Then the Lagrangian bound is given by the sum of the lump and the vortex charge densities.
The BPS configurations whose energy bound is given by Eq. (3.11) have been studied in the gauged non-linear sigma models where higher derivative corrections are absent [34, 35] . In there, the configurations admit fractional lump charges. Once again, we find that all the higher derivative effects are canceled on the 1/2 BPS states (3.10).
Non-canonical branch
We next consider BPS equations in the non-canonical branch. The Lagrangian is given by (2.32) where the gauge group is U(1) and K = Φ † e 2gV Φ. The non-zero solution of the auxiliary field F 0 is given in Eq. (2.30). The supersymmetry variation of the fermions is
Since the auxiliary field F 0 is non-zero in the non-canonical branch, the 1/2 BPS projection (3.6) gives the equations (3.7) and the following additional condition:
Solutions that satisfy the ordinary vortex equations (3.7) do not satisfy the condition in Eq. (3.15) for general Λ. 5 We therefore look for another BPS condition. A natural candidate is the gauge covariantized generalization of the BPS lumps in the non-canonical branch.
Following the BPS lumps studied in Ref. [4] , we consider the 1/4 BPS projection conditions,
Then, from the variation of the fermions, we find a set of 1/4 BPS equations:
(2.31). The first equation is the gauge covariantized generalization of the compacton-type equation while the second equation is that for the ANO vortex. We call solutions to these equations as higher derivative vortices. These equations may admit a vortex with a compact support for the scalar fields (that we may call a compact vortex). See Ref. [37] for a vortex with a compact support which are non-BPS in non-supersymmetric theories.
We then calculate the Lagrangian bound associated with the BPS condition (3.20) . Using the first condition in Eq. (3.20), we obtain the following relation,
5 However, when Λ is chosen appropriately, it is possible that the ordinary vortex solution satisfies the condition (3.15).
By using this relation and the second equation in Eq. (3.17), we calculate the BPS bound of the Lagrangian as
This is the topological vortex charge density. Therefore the equations (3.17) correspond to the higher derivative generalization of the ANO vortex rather than the compacton. We comment that the higher derivative terms cancel out in the Lagrangian bound even in the non-canonical branch. However, the BPS equation ( 
Using the first condition in Eq. (3.20), we find that the higher derivative terms cancel out in the Lagrangian bound. The result is
This is precisely the sum of the lump and the vortex charges. We therefore expect that the equations Table. 1
BPS states in Euclidean space
In four-dimensional Euclidean space, one can consider codimension four objects. In this section, we study codimension four BPS configurations of the higher derivative model (2.22) in Euclidean space. The off-shell supersymmetry variation of the fermions in Euclidean space is
where m = 1, 2, 3, 4 and the sigma matrices in the Euclidean space are defined by
Here, τ are the Pauli matrices. The explicit supersymmetry variation of the fermions are found in Appendix B. We note that in Euclidean space, ξ α andξα are independent from each other and they are not complex conjugate anymore. Then it is possible to consider BPS projections that drop a chiral half of N = 1 supersymmetry ξ α = 0,ξα = 0. Indeed, the standard YangMills instantons exist in our model (2.22) , that preserve (anti)chiral half of supersymmetry and are 1/2 BPS configurations. Since BPS states with codimensions less than four in Euclidean space are the same as those in Minkowski space, discussed in the previous section, we focus on codimension-four BPS states in the higher derivative model in the following subsections.
Canonical branch
We start from the Lagrangian (2.22) where the Kähler potential is flat. We consider the 1/4
BPS projection condition
Then from the supersymmetry variation of the fermions, we obtain the following set of 1/4 BPS equations in the canonical branch:
where we have defined complex coordinates and derivatives with respect to them by
Using the conditionD z ϕ i =D w ϕ i = 0, we find that the higher derivative terms vanish for the BPS configuration (4.5),
Then the BPS bound of the Lagrangian associated with the configuration (4.5) is are the Yang-Mills instantons trapped inside intersecting vortices. A set of these equations were first found in Refs. [39, 40, 41, 42] for supersymmetric theories with eight supercharges without higher derivative terms, and configurations were shown to be 1/4 BPS states [40] . Solutions can be constructed in terms of the moduli matrix [41] and are mathematically characterized in terms of amoeba and tropical geometry [42] .
We next consider the general gauge invariant Kähler potential. In this case, a set of 1/4
BPS equations that we obtain is
Using Eqs. (4.9), the BPS bound of the Lagrangian can be evaluated as In this paper, we have not introduced superpotentials while we introduced them for nongauged chiral models in our previous paper [4] . In the presence of a superpotential, there are more varieties of BPS topological solitons such as domain walls [45] in U(N) gauge theories [46] , domain wall junctions [47, 48] or networks [49] , vortices ending on or stretched between domain walls [50, 51] . In these cases, the auxiliary field equation can be solved at most perturbatively even for a single component, as was so for non-gauged chiral models [4] .
Non-canonical branch
We also comment that in our gauged model, Λ ikjl does not contain space-time derivatives of the chiral superfields, unlike the non-gauged cases for which it is possible as for the su- branch. While off-shell supersymmetry for eight supercharges is a hard task because one needs harmonic superfield or projective superfield formalisms, partially off-shell supersymmetry that BPS solitons preserve can be used to construct effective theory of BPS solitons [54] .
Extension to supergravity is also interesting for application to cosmology such as the ghost condensations and the galileon inflation models in supersymmetric theories along the line in
Refs. [24] - [28] .
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A Notation and conventions
We use the convention in the textbook of Wess and Bagger [43] . 
(A.5)
When the supercovariant derivative is gauged, we obtain
Using this expression, we obtain Eq. (2.21).
B Supersymmetry variation of fermions
The explicit supersymmetry variation of the fermions in the Euclidean space is given by 
